The asymptotic form of the two-body interatomic potentials arising from pseudopotentia1 theory, V(r) = Vo ,cos(2~r)I(2~r)3, is used to discuss the relative cohesive energies of simple metallic structures. ' .
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I. INTRODUCTION
Despite its central importance in the science of metallurgy, the problem of predicting the preferred structure of a metal alloy remains 1,2 unsolved. Moreover, the complexity of the problem is such that a viable theory of the crystal structure of alloys is unlikely to emerge for some time. In the interim the metallurgist will be forced to make do with a mixture of rough approximations and semi-empirical rules, and the development of approximate techniques in alloy theory will continue to be important.
The pseudopotential theory of simple metals has yielded several models which promise to be useful in the prediction of structure. 1,2
The simplest and most general of these follows from Harrison Under suitable assumptions, discussed below, one may make a rough estimate of the relative energies of candidate structures at OOK by simply summing the energy of two-atom interactions according to the asymptotic, or Friedel potential. This approach has been taken in 5-8 several studies of the structure of simple metals and alloys ' and is followed below, where we supplement prior work with new computations Engel-Brewer correlations, and whtich is in general agreement with known structural tendencies in simple metals and alloys.
The central equations of the structural model used here are derived as follows.
Employing the real space formulation of the pseudopotential theory 1 3 of a simple metal ' the cohesive energy per atom may be developed in the perturbation series: (1) whose successive terms involve perturbations of increasing order •
. The zeroth and first order terms in this expansion depend on the volume per atom (n), but are independent of structure. The second order term, E 2 , is the first to show the influence of structure. It can be cast in the form
-3-. th where N is the number of atoms, r ij is the distance ,between the ith and j -atom cores, and the prime on the summation indicates that terms having i=j are to be omitted. The functionV(r ij ) appearing in the summation acts as a two-body potential in a restricted sense:
it governs the change of energy in a relative displacement of atoms i and j which leaves the atomic volume, and hence Eo and E l , constant.
If we fix the atomic volume and neglect higher order terms in the 1 perturbation expansion, the relative .energy of a given structure is measured by E 2 ; that structure which minimizes E2 will be preferred at OOK.
Computation of the structural energy, E 2 , requires a specific expression for the effective interatomic potential, V(r). This potential 1 2 is sensitive to the details of the pseudopotential used. ' However, 1 irrespective of the pseudopotential, V(r) has the asymptotic form when (~r) is large, where ~ is the Fermi wave number. The parameter V depends on fundamental quantities in a rather complicated way, but o for our purposes it is sufficient to note that V is independent of o structure. We may hence define a dimensionless two-body potential v(r) = V(r)/V o which becomes the Friedel potential -4-when kFr is large. If we now uniformly approximate VCr) by its asymptotic form, the structural energy, E 2 , may be rewritten in a dimensionless form which is independent of the pseudopotential:
In fact, the dimensionless energy, £ = £ (7.), is a function of (4) (5) structure and electron-atom ratio (Z)only; since the separation distances (r ij ) in a given structure scale as n 1/3 , where n is atomic volume, and since the Fermi wave number, k F , is kF = (3n 2 Z/n)1/3, the set of values of the quantity (~rij) in a given structure, and hence the dimensionless energy of the structure, is determined by Z.
Equation (5) was drawn from the pseudopotential theory of simple metals. It ·may be generalized to estimate the relative energies of the structures of uniform random solid solutions of simple metals 11 through use of the 'virtual crystal model: the alloy is represented as a one-component· simple metal made up of pseudo atoms whose properties average those of the atoms actually present. With this approximation the dimensionless structural energy of the solid solution is determined by its mean electron-atom ratio (Z) through Eq. (5).
The preferred structure of the solid solution at OaK may then be estimated by minimizing £ over the set of candidate structures. The result is uniquely determined by Z.
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The structu:ral model developed above depends on four specific assumptions, which we discuss in turn.
(1) The model ,is drawn from the second-order development of the pseudopotential theory, of simple metals. It should hence be kept in mind that, in its current state of development, ,the second-order pseudopotential theory does not always predict a correct structure for the simple metals and is of uncertain value in treating certain of the heavy metals, the transition metals, the noble metals, and metals which have a strong tendency toward covalent bonding.
(2) The effective interatomic potential obtained from the second order pseudopotential theory is replaced by its asymptotic form, the Friedel potential. While it ,has been found 1 that the effective interatomic potential actuaily 'converges toward the Friedel potential rather quickly, important contributions to the structural energy due to near-neighbor interactions may be misestimated. The model is most reasonable when applied to close-packed structures having ideal axial ratios, since these differ from one another only in the third (or higher)
coordination shells. The model may not yield a good value for the relative energies of structures such as fcc and bcc, which differ in the first coordination shell. As we shall show, however, it does provide an empirically reasonable estimate of the range of Z values over whichthe bcc structure is preferred to the close-packed structures. As noted above, the approach to crystal structure employed here has been used by a number of previous workers. 6 Shaw applied a method due to 12 In a final section, the results of these computations are compared with the known structures of metals and alloys. Finally, the relative energies may be used to determine which structure is the most stable of those considered. Plots of the regions of Z for which the different structures are preferred are presented. The sum in direct space remains, but an exponential damping factor appears in each term. The residue is Fourier transformed into a sum in reciprocal space; each term in this sum includes a damping factor also. 3 Shaw obtains, for the sum of cos 2kFr/(2~r) ,
Epstein
wr~I/2 -wr~ 
i labels the lattice points, W is a convergence parameter, n is the atomic volume, and Seq) is the structure factor for the lattice in question .
•
The parameter w may be chosen arbitrarily.
. 2
If w = n/s is chosen, where s is the nearest neighbor distance, the sums converge with equal rapidity.6,15 In our computations fifty or sixty lattice vectors were used for the sums on the right hand side of Eq. (6). Then w was adjusted so that the last terms evaluated for the sums were about equal. It was found that w differed from n/s2 by a small amount and the last -4
terms in the two sums contributed less than 10 to the expression being evaluated.
-4 An accuracy of 10 is thus claimed for these sums.
The difference between n/s2 and the final values chosen for w is evidently due to the truncation of the sums; the value w = ~/s2 is applicable only to a complete suuunation.
In Fig. 1 , the quantities £h -£f and £b -£f ' as determined cp cc cc cc from exact suuunation, are plotted as functions of Z. These dimensionless -3
energies have a magnitude of 5xlO or less for the range of Z considered. 
n denotes which near neighbor planes are being considered. Similarly,
As is evident, the interaction goes to zero as Z approaches Z. This c effect will be shown to be spurious below. The region near Z may not c be treated accurately because of this defect in the interp1anar interaction.
We will want ~o compare the results of the calculation using the interp1anar interaction to the results of the exact summation, so it is useful to cast the above equations in units of energy per· atom. This can be done by noting that 13 s2/2 is the area per atom exp-ne' 2 n (9)
ng a suggest on y 0 ges, t e U'jI e ne a ove can be used to calculate the structure-dependent energy and relative stability of any close-packed structure. Let c be the fraction of n th n--nearest neighbor planes in equivalent positions for some structure. 
is the coefficient of the phase in question. Table I shows stacking characteristics and stacking sequences for the polytypic structures considered in this paper.
When Eq. (7) is used in Eq. (10) 
For example, it is found that the hcp structure has an energy of
with respect to the fcc structure. The terms ~ 6~«jn'+k)d) in n =0 Eq. (11) can be easily evaluated when Eq. (8) The method does not require the calculation of reciprocal lattice vectors as in the exact SUInmation method and is easily visualized.
The results for £-£f using the interplanarinteraction are shown cc in Fig. 2 as a function of the valence. The second plot of Fig. 4 displays the regions of relative stability as a function of Z.
Results for three polytype structures are also displayed in Fig. 2 .
Two of these, the double hexagonal (dhcp) and samarium (Sm) structures, are occasionally observed experimentally. In terms of Pauling's h-k notation (Table I) these structures have one half ann two thirds hexagonal character, respectively. The final structure, designated the A structure, has one third hexagonal character and is included for completeness.
These complex polytypes might be considered as compromise structures that occur when the fcc and hcp structures have nearly the same energies. Table I summarizes the stacking characteristics of these complex polytypes. (15) Now just as Eq. (5) could be summed 'using Shaw's development of 3 Epstein's method, the term sin (2~r)/(2kFr) can be summed using a formula similar to Eq. (6). (14) and (16) can now be used in Eqs. (5) and (10) to determine the stable structure just as before, excep~ that this structure will be a function of both Z and 20. This information can then be used to determine which structure, of those .considered, is (14) and (16) This condition assumes that the interplanar interaction shows no (17) preference for equivalent or inequivalent planes at the second nearest neighbor plane position. If equivalent planes are preferred at the second nearest neighbor position (~¢{2d) > 0), the hcp structure is favored by ~¢(2d), and if inequivalent planes are preferred (~<P{2d) < 0), the fcc structure is favored. Equation (17) expresses the condition that neither type of plane is favored, so that complex polytypes, which have both types of planes at the second nearest neighbor plane position, may appear.
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The values of 6<p (nd) from Eq. (17) are tOQe in~erted in Eq. (10) to determine the preferred structure and, in particular, to determine if a complex polytypeis preferred. with n ~ 3, stabilize both the fcc and hcp structures with respect to the polytypes.
In the fourth and fifth plots of (19) is used, the energies of the fcc and hcp structures are equal for all values of Z. This is reflected in the last plot of Fig. 4 where mutual hcp-fcc zones are indicated. Table II . In this section we compare -these results with the actual structures found among the elemeI.1ts and in alloy systems.
The first plot in Fig. 4 represents the results of Blandin, et.a!.
Using the real space formulation of pseudopotential theory, they discussed the stability regions for the fcc and hcp structures.
Specifically, they determined the regions of Z for which the fcc and hcp structures are stable against the formation of stacking faults, using the unmodified interp1anar interaction. This criterion for stability is not strictly the same as that used in this paper; we are here concerned with the relative stability of specific alternate structures.
The results which follow from the formulae of Section II are shown in the second and third plots of The model prefers the hcpstructure when Z = 1, as do the simplest monovalent metals, lithium and sodium, in their low temperature forms.
At Z-2 the model shows a very slight preference for the bcc structure over an hcp structure with ideal axial ratio; the possibility of a non-ideal axial ratio was not considered. The hcp structure is clearly preferred to fcc. Empirically, the divalent metals beryllium, magnesium, zinc, and cadmium are hcp; all except magnesium have axial ratios which are far from ideal. At Z=3 the model prefers the fcc structure. Among the trivalent elements, aluminum is fcc and indium is nearly fcc.
Gallium has a distorted structure which was not considered. observed, but does not permit the bcc structure,which is not observed. the ranges of electron-atom ratio over which the close-packed polytypes are commonly found. 8 The second modification to the Friedel potential that we consider is acttiallya class of modifications to the interplanar interaction. The last two plots in Fig. 4 show the regions where the complex polytypesmight occur according to the modifications discussed in Section III. In both of these plots, polytype intrusions occur at Z -1.30, a.s was the case for the results from the unmodified interplanar interaction. It is interesting to note that the A structure appears in the last plot only and there the A structure is stable only in relatively small regions of Z. Experimentally, the A structure is rarely found. Table I for the description of the packing of these structures. The region Z < 1.14 has been omitted for clarity. 
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